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Much recent attention has focused on theories with large
extra compactified dimensions. However, while the phe-
nomenological implications of the volume moduli associated
with such compactifications are well understood, relatively
little attention has been devoted to the shape moduli. In this
letter, we show that the shape moduli have a dramatic ef-
fect on the corresponding Kaluza-Klein spectra: they change
the mass gap, induce level crossings, and can even be used to
interpolate between theories with different numbers of com-
pactified dimensions. Furthermore, we show that in certain
cases it is possible to maintain the ratio between the higher-
dimensional and four-dimensional Planck scales while simul-
taneously making the Kaluza-Klein graviton states arbitrarily
heavy. This mechanism can therefore be used to alleviate (or
perhaps even eliminate) many of the experimental bounds on
theories with large extra spacetime dimensions.
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I. INTRODUCTION
Over the past several years, there has been an explo-
sion of interest in theories with large extra spacetime
dimensions. Much of this interest stems from the real-
ization that large extra dimensions have the potential to
lower the fundamental energy scales of physics, such as
the Planck scale [1], the GUT scale [2], and the string
scale [3]. Indeed, as is well understood, the degree to
which these scales may be lowered depends on the vol-
ume of the compactied dimensions.
However, compactication manifolds are generally de-
scribed by shape moduli (so-called \complex moduli")
as well as volume moduli (so-called \Ka¨hler moduli").
This distinction has phenomenological relevance because
it is generally the shape moduli which determine the ex-
perimental bounds on such scenarios. Unfortunately, in
most previous discussions of extra dimensions, relatively
little attention has been paid to the implications of these
moduli.
In this letter, we shall discuss the phenomenological
implications of the shape moduli by focusing on the sim-
ple case of a flat, two-dimensional toroidal compacti-
cation. In this case, the relevant shape modulus cor-
responds to the relative angle θ between the two direc-
tions of compactication. As we shall demonstrate, the
corresponding Kaluza-Klein spectrum is strongly depen-
dent on θ, and exhibits level-crossing as well as a chang-
ing mass gap as θ is varied. This indicates that shape
moduli such as θ should not be ignored in phenomeno-
logical studies of large extra dimensions. Moreover, we
shall see that such shape moduli even provide an inter-
esting means of interpolation between theories with dif-
ferent numbers of extra spacetime dimensions. Finally,
we shall show that under certain circumstances, all ex-
cited Kaluza-Klein states can be made arbitrarily heavy;
this occurs even though the volume of compactication
remains xed. This surprising observation can therefore
be used to alleviate (and perhaps even eliminate) many
of the bounds that currently constrain such theories with
large extra dimensions.
II. COMPACTIFICATION ON A TWO-TORUS
WITH SHIFT ANGLE: KALUZA-KLEIN
SPECTRUM
Since one-dimensional compactications lack shape
moduli, we begin the discussion by considering compact-
ication on a general two-torus, as shown in Fig. 1. Such
a torus is specied by three real parameters (the two radii
R1, R2 of the torus as well as the shift angle θ), and cor-
responds to identifying points which are related under
the two coordinate transformations{
y1 ! y1 + 2piR1
y2 ! y2{
y1 ! y1 + 2piR2 cos θ
y2 ! y2 + 2piR2 sin θ . (1)
Note that we are using orthogonal coordinates yi for the
extra dimensions; likewise, since this is a toroidal com-
pactication, the metric remains flat for all angles θ. As
evident from Eq. (1), the physical signicance of the an-
gle θ is that translations along the R2 direction produce







FIG. 1. General two-dimensional torus with shift angle θ.
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that tori with dierent angles θ are topologically distinct
(up to the modular transformations to be discussed be-
low).
There are two \shape" parameters for such a torus:
the ratio R2/R1 and the angle θ. While most previous
discussions of large extra dimensions have focused on the
volume of such tori (and even on the ratio R2/R1), they
have ignored the possibility of the shift θ, essentially x-
ing θ = pi/2. Our goal, therefore, is to understand the
phenomenological implications of the angle θ.
Given the torus identications in Eq. (1), it is straight-
forward to determine the corresponding Kaluza-Klein
spectrum. The Kaluza-Klein eigenfunctions for such a
















where ni 2 ZZ. Applying the (mass)2 operator
















We see that while the Kaluza-Klein spectrum maintains
its invariance under (n1, n2)! −(n1, n2), it is no longer
invariant under n1 ! −n1 or n2 ! −n2 individually.
The spectrum is, however, invariant under either of these
shifts and the simultaneous shift θ ! pi − θ. We can
therefore restrict our attention to tori with angles in the
range 0 < θ  pi/2 without loss of generality.
It is clear from Eq. (3) that the Kaluza-Klein masses
depend on θ in a non-trivial, level-dependent way. In
order to deduce the physics behind Eq. (3), let us rst
examine the case with R1 = R2  R. We then nd the
results shown in Fig. 2. As guaranteed by Eq. (3), the
ground state remains massless for all θ. However, as θ
is varied, we see from Fig. 2 that the excited Kaluza-
Klein spectrum exhibits dramatic changes, with many
light states becoming heavy and several heavier states
becoming light.
Interestingly, as a result of this level-crossing, the iden-
tity of the lowest excited state is itself a function of θ,
with the (1, 0) and (0,1) states (four states total)
serving as the lowest excitations for pi/3  θ  pi/2,
and the (1, 1) states (two states total) lling this role
for θ  pi/3. In general, we observe that both the mass
gap µ (dened as the splitting between the ground state
and the rst excited states) and the degeneracy α of the
rst excited states are functions of the shape parameter
θ.
This is particularly important in the case of Kaluza-
Klein gravitons. In general, the presence of Kaluza-
Klein gravitons induces deviations from Newtonian grav-










FIG. 2. The lowest-lying Kaluza-Klein spectrum as a func-
tion of the shape parameter θ for R1 = R2  R. In general,
for R1 = R2, each line labelled by (n1, n2) represents the
four-fold degeneracy of states f(n1, n2),(n2, n1)g for all θ;
this degeneracy is only two-fold if n1 = n2 or if either n1 or
n2 vanishes.
V (r) = −G4 m1m2
r
(1 + αe−µr + ...) (4)
for r  1/µ. Thus, in this simple case with R1 = R2,
we see that the expected deviations from non-Newtonian
gravity drop by a factor of two when θ < pi/3 | even
though the radii are held xed.
It is also possible to understand the behavior of the
Kaluza-Klein spectrum as θ ! 0. In this limit, the two
cycles of the torus collapse onto each other. The result-
ing Kaluza-Klein spectrum therefore depends on whether
the periodicities of the two cycles are commensurate. In
the case with R1 = R2  R, the two cycles are commen-
surate, and the torus identications in Eq. (1) collapse to
become the single identication corresponding to a circle
of radius R. This behavior is apparent in Fig. 2: the
only Kaluza-Klein states which remain light as θ ! 0
are those which eectively reproduce a one-dimensional
circle-compactication with radius R. Thus, we see that
the shape parameter θ allows us to smoothly interpolate
between compactications of dierent numbers of space-
time dimensions. Note, in particular, that this method
of interpolation is physically dierent from the standard
method of interpolation in which a single radius is taken
to innity.
This interpolation behavior as θ ! 0 is completely
general, and arises for all rational values of R2/R1. In

























+ O(2) . (5)
We thus see that Mn1,n2 ! 1 as  ! 0 for all (n1, n2)
unless R2/R1 is a rational number. In these cases, we
may represent R2/R1 = p/q where p and q are rela-
tively prime. We then nd that the radius of the re-
sulting circle-compactication as θ ! 0 is given by R 
R1/q = R2/p, with the torus modes (n1, n2) = k(q, p)
evolving to become the circle modes Mk = k/R and all
others becoming innitely massive. Note, in particular,
that when p, q 6= 1, the radius R of the resulting circle
compactication is generally smaller than either R1 or
R2. This implies that the corresponding circle Kaluza-
Klein states are heavier than the initial torus Kaluza-
Klein states with which we started.
This behavior when R2/R1 is rational is illustrated in
Fig. 3, where we have taken R2/R1 = 1/4. In this case,
the radius of the resulting circle compactication is R1/4.
The mass gap therefore becomes four times as large as
θ ! 0 as it was at θ = pi/2, leading to an exponential






FIG. 3. The Kaluza-Klein spectrum as a function of θ for
R1 = 4R2. Each state (n1, n2) is two-fold degenerate with
−(n1, n2).
It is interesting to explore the case when R2/R1 is not
a rational number. Indeed, unless there is some dynam-
ics that xes the radius moduli to have a rational ra-
tio, this will be the generic situation. In such cases,
all excited Kaluza-Klein states become innitely mas-
sive as θ ! 0; essentially the radius of the resulting
circle-compactication is zero. This divergence of the
Kaluza-Klein masses is ultimately a reflection of the in-
commensurate nature of the two torus periodicities, an
incompatibility which grows increasingly severe as θ ! 0.
Note that the actual limit as θ ! 0 is a singular one,
corresponding to a degenerate compactication manifold.
However, our point is that when R2/R1 is irrational, we
can always make our excited Kaluza-Klein states arbi-
trarily heavy by choosing a suciently small value for θ.
Thus, for all intents and purposes, there always exists a
(small, non-zero) value of θ for which we can make our
extra dimensions truly \invisible" with respect to labora-
tory or observational constraints that rely on the presence
of light Kaluza-Klein states.
III. SHAPE VERSUS VOLUME
Thus far, we have shown that when R2/R1 is irra-
tional, our excited Kaluza-Klein states become arbitrar-
ily heavy as θ ! 0. As such, these extra dimensions be-
come \invisible", even though the radii R1, R2 are held
xed. However, one might initially suspect that this ap-
proach to invisibility is actually misleading because the
volume of the extra dimensions is nevertheless falling to
zero. Indeed, when R2/R1 is irrational, the compactica-
tion volume falls like sin θ while the excited Kaluza-Klein
masses diverge as 1/ sin θ. Thus, one might suspect that
there is no sense in which the compactication volume
can remain \large" while the corresponding Kaluza-Klein
states become heavy.
For this reason, it is also important to study the behav-
ior of the Kaluza-Klein masses when the volume of the
compactication manifold is held xed. However, it is
straightforward to show that the same behavior emerges.
Towards this end, let us reparametrize the three torus
moduli (R1, R2, θ) in terms of a single real volume mod-
ulus V and a complex shape modulus τ :
V  4pi2R1R2 sin θ , τ  R2
R1
eiθ . (6)
We shall also dene τ1  Reτ and τ2  Imτ . Using these
denitions, we can express (R1, R2, θ) in terms of (V, τ)
via








The periodicities in Eq. (1) then take the form









where z  y1 + iy2, and the Kaluza-Klein wavefunctions









Operating with the (mass)2 operator −4∂2/(∂z∂z) then













(n1τ1 − n2)2 + n21τ22
]
. (10)
Eq. (10) is merely a rewriting of Eq. (3). However, we
now see that if τ1 is irrational, we can ensure that all
excited Kaluza-Klein states become arbitrarily massive
by choosing τ2 suciently small | even if we hold the
compactication volume V xed.
Note that this result would not have been possible
without the ability to adjust the shape of the torus. In-
deed, if we restrict our attention to the rectangular torus
with θ xed at pi/2, we nd τ1 = 0. Eq. (10) then reduces










where V = 4pi2R1R2 and τ2 = R2/R1. Consequently,
there is no value of τ2 for which all excited Kaluza-Klein
states become heavy.
The unique feature in Eq. (10), by contrast, is the pres-
ence of the additional shape modulus τ1. Because of this,
we can keep the volume xed while taking τ2 ! 0 with-
out generating light Kaluza-Klein states. Essentially, as
the torus approaches the limit τ2 ! 0, the volume re-
mains xed while the individual radii R1, R2 increase to
compensate. However, the important point is that this
does not generate light Kaluza-Klein states if τ1 is non-
zero and irrational. Thus, the eects of having such large
radii become invisible for suciently small τ2.
IV. DISCUSSION AND PHENOMENOLOGICAL
IMPLICATIONS
In the case of Kaluza-Klein gravitons, this observation
has important phenomenological implications. Let us
consider the scenario of Ref. [1], in which large extra di-
mensions felt only by gravity are responsible for lowering
the fundamental (higher-dimensional) Planck scale into
the TeV range. In this scenario, the ratio between the
four-dimensional and higher-dimensional Planck scales is
set purely by the compactication volume V ; the shape
moduli are irrelevant in this regard. (This is evident from
the usual Gauss-law arguments [1]; essentially the higher-
dimensional limit is achieved by considering length scales
so small that the precise shape of the compactication
manifold becomes irrelevant.) We are therefore free to
choose our shape moduli so as to avoid laboratory, astro-
physical, and cosmological constraints. For example, in
order to lower the fundamental Planck scale into the TeV
range via compactication on a rectangular two-torus, we
know [1] that we must choose V  4pi2(mm)2. Keeping
this value of V xed, and assuming τ2  1, we nd
Mn1,n2  (2 10−4 eV) τ−1/22 (n1τ1 − n2) . (12)
We can therefore push the corresponding Kaluza-Klein
graviton masses into the eV range, for example, by tak-
ing τ2  10−8. Such Kaluza-Klein masses completely
avoid direct laboratory bounds from precision tests of
non-Newtonian gravity [5], and also greatly alleviate (if
not eliminate) the astrophysical bounds on Kaluza-Klein
graviton production (e.g., from supernovas). Similar re-
marks may also apply to Kaluza-Klein neutrinos [6], ax-
ions [7], and other bulk elds. Conversely, given the cur-
rent bounds on Kaluza-Klein gravitons in the 10−4 eV
range, an alternative might be to use this mechanism in
order to choose an even larger compactication volume,
and thereby lower the fundamental Planck scale below
the TeV range. This might be one way of realizing the
scenarios recently advocated in Ref. [8].
One might worry that even though τ1 is irrational,
there might exist (large) integer values of (n1, n2) such
that the combination n1τ1 − n2 in Eq. (12) can be made
to approach zero. For example, if τ1 =
p
2  1.414, the
Kaluza-Klein states with (n1, n2) = (10, 14), (100, 141),
(1000, 1414) will all be lighter than na¨vely expected.
However, because the degree of cancellation scales lin-
early with the ni, the value of the dierence n1τ1 − n2
does not generally decrease. Thus, even such \nearly
cancelling" Kaluza-Klein states remain heavy compared
with our na¨ve expectations.
One might also worry that if this scenario is embed-
ded into string theory, there might exist winding-mode
states which become light when the Kaluza-Klein modes
become heavy. This will certainly be the case if the
Kaluza-Klein modes become heavier than the fundamen-
tal string scale. However, in the scenarios we are con-
sidering, the fundamental string scale is usually in the
TeV range (e.g., identied with the higher-dimensional
Planck scale). Therefore, as long as the lightest Kaluza-
Klein states remain signicantly below the TeV range,
the winding-mode states will remain phenomenologically
irrelevant.
We stress that while it may seem unnatural to take
such small values of τ2, they are part of the allowed com-
pactication moduli space. Likewise, it may seem ne-
tuned to take τ2 irrational. However, given that (R2, R1)
are a priori unconstrained, all values are equally likely,
and indeed it is the rational values which represent ne-
tuning.
In fact, given the modular symmetries of the torus,
such moduli may even be preferred. Note that the
Kaluza-Klein spectrum in Eq. (10) is invariant under
the modular transformations τ ! τ + 1 [under which
(n1, n2) ! (n1, n2 − n1)] and τ ! −1/τ [under which
(n1, n2) ! (−n2, n1)]. Since these modular transforma-
tions do not change the underlying torus, they should be
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a symmetry of any dynamical eective potential Veff(τ)
which eventually stabilizes the moduli, with the extrema
of the potential corresponding to xed points under the
modular transformations. (An example of this in the
case of Casimir energies can be found in Ref. [9].) For
τ2 > 0, it is well known that there are only two distinct
xed points: τ = i and τ = epii/3. However, if we permit
ourselves to consider the τ2 ! 0 limit, we nd that there







, k 2 ZZ  2 . (13)
Indeed, for these points the transformation τ ! −1/τ
produces τ1 ! τ1 + k, which is identied with τ1 under
the torus symmetries. Moreover, these values of τ1 are
irrational for all k > 2. Thus, even though such points
with τ2 = 0 are at the \edge" of the allowed moduli space,
we can imagine that the dynamics might cause the shape
moduli to approach these xed points given appropriate
initial conditions. As such, these limiting cases could
emerge as the result of non-perturbative string dynamics
or via cosmological evolution.
In summary, then, we have shown that the shape mod-
uli associated with large-radius compactications can
have a signicant eect on the corresponding Kaluza-
Klein spectrum and in turn on the resulting low-energy
phenomenology. We investigated these ideas in the con-
text of flat, two-dimensional toroidal compactications,
but similar eects are also likely to arise in more compli-
cated higher-dimensional compactications on more ex-
otic manifolds [10], or even in \warped" compactica-
tions [11]. Indeed, we have seen that in certain limiting
cases, it is possible to make the extra dimensions essen-
tially \invisible" with respect to experimental and obser-
vational constraints on light Kaluza-Klein states. The in-
corporation of shape moduli can therefore be used to sig-
nicantly widen the allowed parameter space of higher-
dimensional theories beyond what has previously been
considered.
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